The concentration of solar radiation by either a lens or a mirror is one of the options for practical utilisation of light to obtain higher temperatures. However, it is difficult to maintain high temperatures on the hot side of the module due to solar diurnal motion. This study evaluates the influence of the thermoelectric (TE) output by optical light concentration. Three-dimensional partial differential equations describing heat balance and TE phenomena were simultaneously solved by applying numerical methods, and the temperature distribution in the whole TE module as well as the current density were simulated. It was shown that the three models of light concentration on a single TE module (BiTe-based, four legs having dimensions of 10 mm 9 10 mm 9 10 mm) generate a similar output in the external load. This happens because the long leg becomes a large thermal resistance, and because the alumina plate (1 mm thick) with a high thermal conductivity covers the top of the TE modules. The homogenised temperature at the hot junctions generates a similar output in all three models when the cold terminals were kept at constant temperature.
INTRODUCTION
Thermoelectric (TE) power generation from solar light has been examined as a desired method to use this environmentally friendly energy resource, [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] and the high temperatures generated by light concentration using either mirrors 1, [3] [4] [5] [6] 8 or lenses [11] [12] [13] have been applied to heat one side of a TE module. However, it is mechanically difficult to track the solar diurnal motion and to focus the concentrated light on a certain point of the TE module surface at any time during the day. 3, 11 In order to minimise the mechanical limitation of optical lens, the authors proposed the utilisation of a water lens, which can adjust the focal length by its shape change. [11] [12] [13] The heat concentration ratio from the solar rays by a water lens usually remains lower than 100, even when some specific conditions are set at their best values. 11, 12 The ratio by the other methods such as lenses and mirrors can become as large as 100, but these high ratios are difficult to keep for a prolonged period, 1, [3] [4] [5] [6] and the solar rays heat only a narrow specific area of the TE module surface. This paper assumes a realistic case that the concentrated light is radiated onto a certain area and not onto a mathematically single point. It is important to know how much solar radiation we should effectively accumulate on a given finite area, and then how much TE power we can generate by a given temperature difference. Because the solar light heats the upper surface of a TE module consisting of a large number of TE elements, we will properly define the area where the light is concentrated as the best working receiver.
For the evaluation of the electrical power expected from a single TE module, it is necessary to solve the equations governing temperature distribution in the TE module. Although we may analytically solve only the one-dimensional differential equation for heat transfer in a single module, 7, 9 three-dimensional solutions are required when considering the surface area and the depth. 8, 10, 11, [13] [14] [15] Moreover, in cases of high power generation, the Peltier cooling due to the generated current decreases the TE performance. Therefore, the precise evaluation of the performance from the TE module is needed in order to consider the cooling effect caused by the Peltier effect as well as the heating effect caused by Joule exothermic heat.
Recently, computerised numerical simulations have been reported which have shown the predicted three-dimensional temperature profiles in the TE module, and have assessed the achievable TE performances. 10, [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] The authors have also developed the software which combines the heat transfer from the thermal fluids and the TE phenomena. 13, 16, [18] [19] [20] [21] [22] Temperature distribution, thermal electromotive force (EMF), electric potential and current density have been successfully evaluated in three-dimensional space. For example, the TE output power using thermal fluids 15, 18, 19 was analysed and the shape of the TE element was optimised with the assistance of the software. [20] [21] [22] Similar mathematical approaches have been applied, for example, to the system design of TE generators. 21, 23, 24 Usually, TE performances have been analysed for a given temperature difference, and for a uniform heat flow. 25, 26 Local heating such as in the case of light concentration has only rarely been considered. [1] [2] [3] [4] [5] [6] [7] [8] [9] Inhomogeneous distribution of temperature on the receiver may be homogenised due to thermal heat diffusion through a thick substrate. However, the thicker plate becomes a stronger barrier for the heat transfer, and the hot terminal temperature of the TE leg decreases with increasing thickness. This may suppress the TE output. A suitable thickness of receiving plate must be optimised in order to obtain the best performance of the TE module.
This study will report the details of the analysis of three-dimensional heat transfer for the case in which the radiation heat is locally concentrated on a part of the TE module surface. The effects of the inhomogeneous temperature profile in either the two-dimensional area or in three-dimensional space on TE power are also described. The relationship between the inhomogeneous profile on the top surface and the generation performances has been studied. An assumption which was often examined is that the two flat surfaces of a TE module are homogeneously kept at two different constant temperatures. It is noted, however, that this study will give the inhomogeneous temperature distribution under a concentrated heat radiation condition. The light reflection and heat radiation from the surfaces are neglected for simplicity.
METHODS
In a TE element, the inhomogeneous heat flow as well as the inhomogeneous current density are estimated under the inhomogeneous thermal input. Also, a close relationship exists between the temperature and the current density. We will simultaneously solve two differential equations describing the heat transfer and the principle of electric charge conservation in three-dimensional space. 10, [12] [13] [14] [15] [16] Because the detailed procedure has already been reported, [14] [15] [16] just a brief introduction is given here. First, the heat conduction equation is written as,
where J and T are the current density and temperature, respectively. Three thermoelectric properties of thermal conductivity, j, electric conductivity, r, and Seebeck coefficient, S, are not dependent on the crystalline direction, but are dependent on temperature. The left side of Eq. 1 represents the heat transfer due to Fourier law. The first and second terms of the right-hand side of Eq. 1 take into account Joule heat and Thompson effect, respectively. Second, J is produced from the increment of voltage due to the Seebeck effect and the voltage drop due to Ohm's law, and can be expressed in the following form:
Current density in the steady state can be derived from the principle of electric charge conservation as,
By combining Eqs. 2 and 3, the governing equation of electric field distribution is derived as,
Equations 1 and 4 can be solved simultaneously under two boundary conditions to obtain the electric potential distribution, V(x,y,z), and the temperature distribution, T(x,y,z).
We used the commercially available software, ANSYS FLUENT, which is computational fluid dynamics (CFD) numerical software based on the finite volume method. The thermoelectric behaviours were analysed by introducing our original functions to solve Eqs. 1 and 4.
14-16 The temperature dependence of thermoelectric properties is taken into account by referring to the material dataset through the original user-defined functions (UDF) in FLUENT. The current density was derived from the gradient of the voltage and the temperature. Figure 1 shows the flow-chart used in our numerical analysis. The temperature T(x, y, z), voltage V(x, y, z) and the voltage drop due to ohmic resistance, V ohm (x, y, z) are given as the initial conditions, while the thermoelectric behaviours, the exothermal heat and endothermal heat are evaluated. Next, the temperature and voltage profiles are obtained by solving Eqs. 1 and 4. From these solutions, the voltage over all the modules is revised. By an iteration procedure, a set of T, V and V ohm values was given. These variables at a terminal were set as the constant at a boundary, and the values at the other terminal were not constrained. The calculated distribution at the TE terminal is averaged for the representive value of the model. Thompson heat is the heat generated as the gradient of the Seebeck coefficient, and its calculation with Eq. 4 doubles the calculation of Peltier heat at the junctions of two different materials. For the precise evaluation of Peltier cooling, therefore, the mesh size close to the boundaries is set to be fine.
MODELLING OF THE TE MODULE
A conventional P-type module is assumed. The material properties for the module are listed in Table I . 27 Bi 2 Te 3 is taken as an example of the TE elements and its thermoelectric properties are listed in Table II . 28 The substrates of the P-type TE module surface should mechanically support the mass of the TE elements. The thickness of dense alumina substrates was chosen to be 1.00 mm because of the mechanical strength necessary to hold the mass of the TE module. As shown in Fig. 2 , four pieces of TE elements are imbedded in the alumina substrate. It is noted that the dense alumina has a relatively good thermal conductivity. The electrodes are copper plates (0.5 mm thick) and all the TE elements are 10.0 mm cubes. These sizes are not far from the dimensions in the modules commercially available in the market. It looks like a small fat element, but this dimension can be thought of as being able to Analysis of the Performance of Thermoelectric Modules Under Concentrated Radiation Heat Flux represent a thermopile consisting of several tens of pairs of TE elements. This simulation will provide a fundamental step for more precise analysis in the future.
The contact resistance at all junctions is taken into account in this model. Thermal resistance between the alumina substrate and the electrode can be decreased by using a thermal conductive grease. The thickness of the grease is set at 80 lm because a too thick paste produces a large thermal resistance. The thermal and electric resistances at the contact between the electrode and the TE material are assumed to be 10 À4 m 2 K W À1 and 10 À11 Xm 2 , respectively, as reported for the good junctions welded by the solder. 29 The concentration of the solar light is assumed in the following way: the ray is concentrated by a lens and irradiates vertically onto the module's surface, and the radiated light homogeneously heats the upper surface of the TE module, as shown in Fig. 3 . Three models, I, II and III, are considered, and the ray is concentrated on 1 9 1 mm, 5 9 5 mm and 30 9 30 mm squares, as shown in Fig. 3a-c , respectively. The condition of model I corresponds to light concentrated very sharply by a lens with precise geometric control, and that of model III is the mild case such as water lens concentration. 11 The studied radiated area was assumed to be a square by using a Fresnel lens. Without loss of generality, this assumption avoids the technical problem that a certain amount of numerical error is generated when a circular light radiates the square meshes on the surface of a TE module. A total energy for the light radiation for all three models was commonly set to be 9.00 W. The heat fluxes at the irradiated top surfaces were 9 MW m À2 , 360 kW m À2 and 10 kW m À2 , for models I, II and III, respectively. It should be noted that even the weak heat flux for the model III is 10 times larger than the natural solar radiation density to the earth, 1 kW m À2 . These conditions are assumed to be suitable for generating the temperature difference between the two terminals of the TE elements. All the input heat is assumed to be absorbed in the alumina plate. In order to examine the effects of a constant heat flux and to simplify the calculations, the cold surface of the alumina plate was kept at 300 K, as one of the fundamental assumptions for our calculations. The heat radiation from the TE module has been neglected.
RESULTS AND DISCUSSION

Temperature Distribution
After the three-dimensional calculations, the temperature distributions in the TE module were obtained and are shown in Fig. 4 . The temperature on the top surface of the alumina substrate in model I exceeded 600 K at the irradiated area, as shown in Fig. 4a . The central portion of the top surface in model II was higher than the surrounding area, as shown in Fig. 4b . The temperature of the top surface in model III became more homogeneous, as shown in Fig. 4c . The central area of the top surface in model III, especially the areas where the copper electrodes are attached to the opposite side of the alumina substrate, were cooler than the substrate edges. This is due to the strong heat transfer through the electrodes and the TE elements to the colder surface of the TE module. It should be noted that the temperature at the cold surface was fixed at 300 K, as the boundary condition necessary to solve the system of differential equations.
The upper surface temperatures of the copper electrodes are shown in Fig. 4d-f by removing the alumina substrate for demonstration. The temperature profiles at the upper surface of the electrodes are relatively homogeneous and similar to one another in the three models. This means that an alumina substrate only 1.00 mm thick is effective for thermal diffusion along the horizontal directions, and that this thickness is sufficient for a homogeneous temperature profile. Thus, the light concentration on a special point of the TE module does not play an efficient role in heating the TE elements below the alumina substrate. The maximum temperature at the hot terminals of the TE elements does not reach the melting point of solder at the junctions.
Inside the TE modules, the temperature profiles change linearly with the height, because a steady state is established. Cooling to keep the cold surface at 300 K could effectively extract the input heat from the hot surface, because the amounts of extracted heat at the cold surface are almost equivalent for these three models, as shown in the temperature profiles. This is because the homogeneous temperature distributions in the hot alumina substrates and the similar temperature profiles in the TE legs are commonly generated in all three models. The assumption of 300 K mean a mild cooling will not affect the temperature difference between the hot and cold junctions.
Power Generation
By connecting these TE modules with the external load, we can obtain the TE output there. The simulation can evaluate the circuit current by summing the current densities at the connections with the external resistance. The voltage generated at the two terminals of the external resistance was also calculated, and the TE output power, P, was evaluated by multiplying the current and voltage. Figure 5 shows the analysed output power as a function of the current. The obtained TE power commonly shows the maximum, which is a wellknown phenomenon in TE power generation. The three models showed the equivalent output power, with the power not depending on the degree of light concentration. The maximum power was evaluated as 431 mW at 7A, where the efficiency was calculated as 4.79%.
For the cases in which the maximum output power can be obtained, the temperature distributions are shown in Fig. 6 . They are almost identical for models I and II, as shown in Fig. 6a and b , respectively, where the light was commonly concentrated at the centre of the module. When the light radiates the top surface of TE module homogeneously, as has been assumed for model III, it is natural that the temperature distribution is homogeneous (Fig. 6c) , and that the temperature at the same height is the same in any model.
The detailed temperature distributions on the top surface of the alumina plate, on the upper surface of the upper electrode, on the surface of the upper terminal and at the two side edges of the TE elements are shown in Figs. 7a-c and 8 , respectively, where the maximum output power is generated at model I. The centre of the top surface of the alumina plate is heated the most, and the inhomogeneous and unsymmetrical profiles can be seen at Fig. 7a . Due to cooling from the TE elements, the four edges of the alumina plate are cooled. The inhomogeneity at the alumina plate is smeared further at the copper electrodes, as shown in Fig. 7b , where the temperature difference at the upper surface is smaller than 10 K two-dimensionally. It is interesting that the central portions of the electrode are hotter than the edges, as shown in Fig. 7b , and that the surface temperatures of the alumina plate are also hotter at these positions. The temperature inhomogeneity at the TE terminals is much smaller and almost homogeneous, as shown in Fig. 7c . In addition to the alumina plate (1 mm thick), the copper plates (0.5 mm thick) also contributed to the homogeneous temperature profile. Figure 8 shows the temperature distributions at the side edges of the TE elements. T A and T B are the temperatures calculated at the inner and outer edges, respectively, as illustrated in Fig. 8 . The temperature profiles in the alumina plates and copper electrodes at the same horizontal (X-Y) positions are also shown in Fig. 8 . Because of good thermal conductivities in alumina and copper, the temperature gradients in these materials are almost flat against height, and the major temperature drop occurrs for the TE elements. The thermal conductive grease and the welding at the junctions do not give any significant temperature drop in this simulation. At the steady state between the two terminals, if the TE terminals are kept at constant temperatures, the temperature linearly decreases from the hot terminal to the cold one. However, because the temperature distribution at the hot alumina surface exists here, the hot terminal temperatures of the TE elements are not fixed.
It is noted that the temperature drop in the TE materials looks linear at both T A and T B . In order to examine the linearity of the temperature drop, the difference of T A and T B is defined as DT and evaluated as shown in Fig. 8 . If both T A and T B are perfectly linear, DT should be linear. The weak temperature dependency of the material properties as listed in Table II does not form this parabolic behaviour, and this curious behaviour of DT may suggest a slant heat transfer in the TE elements, as previously reported. 20, 21 Because this study neglected the radiation from the surfaces, this should be considered for the more detailed analyses. This effect may appear strongly in the area heated at the higher temperatures, because the radiation is proportional to the function of T
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. Therefore, the radiation effect is limited at these high-temperature areas. The heat conduction at the lower temperature area is not affected by the heat radiation at the TE side surfaces.
The current densities calculated for these cases are shown in Fig. 9 . They are high at the central part of the upper electrodes because the current through the TE elements flows into the electrode through the junctions, and because it increases from an edge of the electrode to another edge of the TE element. The current density is constant through the area between the two TE elements, where no TE elements exist below the centre of the electrode. This constant current density at the lower electrodes is also partially seen in Fig. 9 , marked in orange. The current densities are identical anywhere in the TE elements for a certain model, and also identical in all three models. It is also natural that the Seebeck effect is caused homogeneously inside the TE elements, because the temperature Fig. 8 . Temperature distributions on the two side edges of the TE elements, when the maximum output power was generated at model I. T A and T B are the temperatures at the inner and outer edges (see Fig. 7c ), and the temperature difference between them, DT, is shown as a function of height. Analysis of the Performance of Thermoelectric Modules Under Concentrated Radiation Heat Flux distributions are homogeneous and identical. Consequently, the current density becomes identical.
These analyses reveal that the input heat can be diffused out in alumina thick enough to remove any inhomogeneous temperature distribution, even if the significant temperature distribution exists at the upstream on the hot substrate. Then, the temperature profiles in the TE elements become identical in all three models. As a result, the TE output power is not affected by the light concentration when the alumina plate is thicker than 1.00 mm. Figure 10 shows some variations in TE modules for solar light power generation. When the radiation and thermal conduction of air can be neglected, and when the heat resistance of TE element is sufficiently large, the size of the alumina plate can be expanded as shown in Fig. 10a , compared to models II and III as shown in Fig. 3 . The effect of light concentration on the TE output was very weak as shown in Fig. 6 , and we can radiate the solar light on the alumina plate without any concentration, as illustrated in Fig. 10b . When the alumina plate is large, the TE elements can be set at the corners of the alumina plate for mechanical stability, as shown in Fig. 10c . The large alumina plate and the copper electrodes diffuse the obtained heat homogeneously, and they pass it to the TE elements. This fundamental concept in this work can be applied to various designs in the future. For more precise analysis, the effects of heat reflection, radiation and thermal conduction to the surrounding environment should be taken into account of.
Concentration of Radiation Heat
SUMMARY
The temperature distribution in the P-type TE module (consisting of four TE elements) was simulated. This computer simulation was based on the heat balance and TE phenomena. When the light is concentrated on a point on the TE top surface, the isothermal contour of the temperature distribution look like a circle on the top surface. However, these inhomogeneous profiles become equalised by passing the heat into the thick alumina substrate, and the homogeneous heat flows after passing in the copper electrodes are passing through the TE elements. The temperature distribution is homogeneous at the same height, and is almost linear with the height of the TE element. It was found that the output powers from three analysed models are identical. Due to the slow thermal diffusion inside the alumina plate, the effect of the light concentration is smeared out.
In the case of TE power generation by receiving solar light, the light concentration ratio is not so serious as to enhance TE performance. Due to the homogenisation of the temperature profile at the alumina plate, it is not necessary to use a high degree of light concentration by the lens.
For more precise analysis, the effects of heat reflection, radiation and thermal conduction to the surrounding environment should be taken into account. Fig. 10 . TE modules for solar light power generation, where their maximum output powers are expected to be equivalent to the TE module shown in Fig. 3b. (a) The solar light is concentrated at a single point below which the TE legs are installed, (b) it is radiated homogeneously without concentration, and (c) it is concentrated on a central point of the plate whose the four corners are supported by the TE legs.
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